Abstract. Let ℓ be a rational prime. Given a superelliptic curve C/k of ℓ-power degree, we describe the field generated by the ℓ-power torsion of the Jacobian variety in terms of the branch set and reduction type of C (and hence, in terms of data determined by a suitable affine model of C). If the Jacobian is good away from ℓ and the branch set is defined over a pro-ℓ extension of k(µ ℓ ∞ ) unramified away from ℓ, then the ℓ-power torsion of the Jacobian is rational over the maximal such extension.
Introduction
Let k denote a number field and ℓ a rational prime number. We fix, once and for all, an algebraic closurek of k. We let G k denote the Galois group of k/k. Let S 0 be a G k -stable finite subset of P 1 (k) satisfying {0, 1, ∞} ⊆ S 0 . We consider pairs (X, f ) where
• X/k is a complete smooth irreducible curve, • f : X → P 1 k is ak-morphism branched only over S 0 , • the Galois closure of f has degree a power of ℓ. Because such pairs admit a natural action from the pro-ℓ fundamental group of P 1 − S 0 , it is natural to study their properties by way of the canonical pro-ℓ Galois representation Φ k,ℓ,S 0 : G k −→ Out π pro-ℓ 1 (P 1 k − S 0 ) . This is the main focus of [AI88] , where Anderson and Ihara demonstrate several strong results about the arithmetic of both the individual curves appearing in such pairs, as well as the entire category X of such pairs.
1 In studying the field extension fixed by the kernel of Φ k,ℓ,S 0 , they introduce a combinatorial object, S, consisting of finite sets S ⊂ P 1 k obtained by pulling back S 0 through a finite combination of certain linear fractional transformations and ℓth power mappings.
For example, the following proposition follows directly from their work (see [AI88, Cor. 3.8 
.1 and Remark pgs. 292-293]).
Theorem A. Take S 0 = {0, 1, ∞}. Suppose k is fixed by the kernel of Φ Q,ℓ,S 0 , and let C/k be a geometrically irreducible curve with affine model
where f is a monic polynomial in k [x] . Let J be the Jacobian of C. Suppose there exist (possibly identical) sets S, S ′ ∈ S such that λ ∈ S and the roots of f (x) are contained in S ′ . Then the ℓ-power torsion of J is rational over the fixed field of the kernel of Φ Q,ℓ,S 0 .
We introduce the kanji characters 山 山 山 ('yama') and 天 天 天 ('ten') to describe the situation more precisely. The characters translate in meaning as 'mountain' and 'heaven,' respectively. Let µ, µ N , µ ℓ ∞ denote, respectively, the group of all roots of unity ink, the subgroup of N th roots of unity, and the subgroup ∪ n≥1 µ ℓ n of ℓ-power roots of unity. We let 天 天 天 := 天 天 天(k, ℓ) denote the maximal pro-ℓ extension of k(µ ℓ ∞ ) which is unramified away from ℓ. In case S 0 = {0, 1, ∞}, we write 山 山 山 := 山 山 山(k, ℓ) for the fixed field of the kernel of Φ k,ℓ,S 0 . It is well-known that 山 山 山 ⊆ 天 天 天 for any choice of k and ℓ. Ihara has asked whether 山 山 山 = 天 天 天 in case k = Q; that is, does the mountain reach the heavens? Ihara's question has been partially resolved. In the case where ℓ is an odd regular prime, Sharifi demonstrates in [Sha02] that the equality 山 山 山(Q, ℓ) = 天 天 天(Q, ℓ) is a consequence of the Deligne-Ihara Conjecture, which is now known to hold due to the work of Brown [Bro12] . Still, Ihara's question remains open in general.
The hypotheses on C/k in Proposition A force C, hence J, to have good reduction outside the prime ℓ. In the present article, we provide a generalization, by weakening the condition on both λ and the branch set. Rather than requiring that they belong to objects of S, we show that it suffices for them to be rational over the extension of k generated by such subsets. However, we must explicitly add the hypothesis that the Jacobian possesses good reduction outside ℓ.
Theorem B. Suppose C/k is a geometrically irreducible curve with affine model y ℓ n = f (x), f ∈ k(x), with n ≥ 1. Let J denote the Jacobian variety of C, and let S ⊆ P 1 (k) be the branch locus of C. Suppose further that C satisfies the following conditions:
(a) the variety J has good reduction away from ℓ, (b) every element of S is 天 天 天(k, ℓ)-rational.
We note the following slightly weaker version of Theorem B, to show that a sufficient condition for the conclusion may be given entirely in terms of arithmetic data of the affine model of C.
Theorem C. Suppose C/k is a curve with affine model
where f (x) is monic. Let S be the set of roots of f (x) whose multiplicity is not divisible by ℓ n . Suppose that f splits completely over 天 天 天 and (a) at least one point of C is totally ramified, (b) λ is an ℓ-unit and every s ∈ S is an ℓ-integer, (c) for all distinct s, s ′ ∈ S, s − s ′ is an ℓ-unit.
Proof. The existence of a totally ramified point in the covering guarantees that C is geometrically irreducible. As f splits over 天 天 天, the branch locus of C is rational over 天 天 天. The conditions (b) and (c) guarantee that C, hence J, has good reduction away from ℓ. Thus, Theorem B applies.
Let C/k be a superelliptic curve of degree ℓ n satisfying the hypotheses of Theorem B, and let J be the Jacobian of C. In §1, we reduce to the case where C has a convenient affine model. In order to more finely study the G k -action on J[ℓ], we organize the branch points of C by their ramification index. This is done in the beginning of §2. Also in §2, we decompose the covering into a composition of degree ℓ coverings and verify that the Jacobians J s (0 ≤ s ≤ n) of the intermediate curves may be viewed as nested subvarieties of J. Moreover, we demonstrate that the arithmetic of the ℓ-power torsion of J is closely related to the arithmetic of the ℓ-power torsion of the successive quotients of the J s . Already this demonstrates that the representation ρ J,ℓ of Galois action on J[ℓ] has a block upper triangular shape, with the diagonal blocks determined by the quotients
In §3, we demonstrate that the ℓ-torsion of each quotient A s has a G kstable subspace W s . We establish a relationship between the arithmetic of S and that of W s . In §4-6, we demonstrate that the representations ρ As,ℓ are themselves block diagonal, with each block a Tate twist of the representation attached to W s . This is enough to prove Theorem B. In §7, we study further the arithmetic of S and W s ; these two sets usually, but not always, define the same extension of k. In §8, we settle a question posed in [MR16] regarding Picard curves over Q. This also gives an example where Theorem B applies, but Theorem A does not.
Notation. For any G k -set T , we let k(T ) denote the extension of k generated by T (that is, the field fixed by the kernel of the associated representation G k → Aut(T )). For example, condition (b) of Theorem B is equivalent to k(S) ⊆ 天 天 天(k, ℓ).
Once and for all, we fix an algebraic closurek of k, and let G k denote the Galois group ofk/k. For any curve X/k, we write Div X for the (free abelian) group of divisors generated by X(k) and write Div 0 X for the subgroup of divisors of degree 0. The divisor of a function f ∈ k(X) is denoted div X f . We abuse notation and write X in places where the geometric pullback X × kk is intended. For example, if g ∈k(X), we denote its divisor div X g. This mild abuse of notation is also used for other k-varieties (e.g., the varieties J s , A s defined in §2). Likewise, for a k-morphism of varieties Π : Y → X we let Π also denote the geometric pullback Π × kk .
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Normalization of Affine Form
Let C/k be a curve. In this paper, we say C is superelliptic of degree N ≥ 2 if C admits an affine model of the form
The morphism Π : C → P 1 corresponding to the x-coordinate of this affine model is a branched covering of P 1 defined over k. After base change to a finite extension which contains µ N , Π is a Galois cyclic covering with Galois group Z/N Z. Note: some authors define a curve C/k to be superelliptic if C admits a branched covering which yields a Galois cyclic covering after appropriate base change. These two definitions are not equivalent in general, as the existence of such a covering does not guarantee an affine model of the form (1.1). (This fact may be mildly surprising to the reader, since the two conditions are equivalent in many cases of interest, such as hyperelliptic curves or Picard curves.) Suppose C/k is a superelliptic curve satisfying the hypotheses of Theorem B. We start by reducing to the case where f (x) is a polynomial and ∞ is not a branch point. The contents of this lemma are quite well-known; we simply provide the proof for convenience. Lemma 1.1. Under the hypotheses of Theorem B, without loss of generality we may assume that C has an affine model of the form y ℓ n = f (x) such that f ∈ k[x], the set S coincides with the set of roots of f (in particular, ∞ ∈ S), and the multiplicity n ξ of any root ξ of f (x) satisfies 0 < n ξ < ℓ n .
Proof. Select any point ξ 0 in P 1 (k)−S. If ξ 0 = ∞, we do nothing. If ξ 0 = ∞, we apply the coordinate change x → (x − ξ 0 ) −1 , and we may now be sure that ∞ is not a branch point of the covering. As C is defined over k, there exist λ ∈ k × and monic polynomials
Let S f = Supp div P 1 f − {∞}; this is precisely the set of ξ = ∞ for which e ξ (f ) = 0. The branch locus S need not agree with S f , but can be described as
Let k ′ /k be a finite extension over which f 1 and f 2 split completely. Then S f ⊂ k ′ and f has the form
For any e ∈ Z, let Ξ e := {ξ ∈ S f : e ξ (f ) = e}. By definition, Ξ 0 = ∅. Moreover, as the polynomials f i are k-rational, the set Ξ e is G k -stable for any e ∈ Z. For any integer e, let
Note that for all but finitely many e, the set Ξ e is empty and g e = 1. The Galois stability of Ξ e implies g e ∈ k[x]. For each e, definê e := − e ℓ n . Then always 0 ≤ e +êℓ n < ℓ n . Applying the coordinate change
we obtain a new model for C with affine equation
which demonstrates C has a model of the desired form.
For the remainder, we now assume f (x) has the form guaranteed by Lemma 1.1. For each 0 ≤ s ≤ n, let C s /k be the projective curve given by the affine model
Thus C 0 = P 1 and C n = C. The covering Π decomposes into a composition of k-morphisms, each of degree ℓ:
This induces a corresponding tower of function fields
subject to the relations y 0 = f , y ℓ s = y s−1 for each 1 ≤ s ≤ n, and y n = y.
By this arrangement, the branch locus of Π s is necessarily a subset of the branch locus of Π t whenever 1 ≤ s ≤ t ≤ n.
For ξ ∈ S, set n ξ := ord (x−ξ) f , and set
As ∞ is not a branch point of Π, n ∞ ≡ 0 (mod ℓ n ).
Stratification of the branch locus
We now organize the branch locus of Π by ramification index. For any 0 ≤ j ≤ n − 1, we define:
Thus, n−1 j=0 r j = #S. Further, we define for any 1 ≤ s ≤ n and any 0 ≤ t ≤ (n − 1),
By definition, any point chosen from Π −1 n (S[j]) will have ramification index ℓ n−j . We observe that the branch set for Π s is exactly S[<s], and that the set S[s] is G k -stable, since Π n is defined over k. Proof. Suppose S[0] were empty. Then for every ξ ∈ S, ℓ | n ξ . Let L/k be an extension containing a primitive ℓth root of unity ζ and an ℓth root of λ.
Then there exists h ∈ L[x] such that h ℓ = f . Moreover, the curve C × k L must be reducible, as it is the variety defined by the vanishing of
By contradiction (C is geometrically irreducible by assumption), S[0] cannot be empty. For the second claim, notice that ξ∈S n ξ = n ∞ ≡ 0 (mod ℓ). Since ℓ | n ξ for each ξ ∈ S − S[0], this implies that 0 ≡ ξ∈S[0] n ξ (mod ℓ). But each point ξ ∈ S[0] has ℓ ∤ n ξ by definition, and so there must be more than one point in S[0].
The tower of coverings (1.2) also induces (canonically and contravariantly) a sequence of homomorphisms on the Jacobians of the curves C s . For each 0 ≤ s ≤ n, set J s := Jac(C s ), and let g s := dim J s . We have
We claim that each of these morphisms π * s is a closed immersion. Observe that, as S[0] is non-empty, Π s is totally ramified over at least one point for each s ≥ 1. Thus, each morphism π s is totally ramified somewhere, and so cannot admit a nontrivial unramified subcover. That π * s is a closed immersion now follows from the following more general fact.
Proposition 2.2. Suppose X and Y are proper smooth curves over an algebraically closed field of characteristic zero. Suppose ρ : Y → X is a finite morphism, possibly branched. Let ρ ′ : Y ′ → X be the maximal abelian subcovering of ρ which is everywhere unramified. Then the following are equivalent:
(i) The induced morphism ρ * : Jac(X) → Jac(Y ) is a closed immersion.
(ii) The induced morphism on torsion,
Proof. The equivalence between (i) and (ii) is well-known. From [Mil80, III, Prop. 4.11] (see also the following discussion, pgs. 126-127), we have for any N ≥ 1 the isomorphisms
Here, Z/N Z(1) denotes the Tate twist (recalled in §6) by the cyclotomic character modulo N . Let ∨ denote the Pontryagin dual. Taking a direct limit with respect to N , we obtain
Thus, (ii) is equivalent to Y → X inducing an inclusion
But this is injective if and only if the homomorphism π 1 (Y ) ab → π 1 (X) ab is surjective, and the cokernel of this final morphism is precisely Gal(Y ′ /X).
Thus, for the remainder, we may and do view J s−1 as an abelian subvariety of J s , and define for each s ≥ 1,
Proof. To begin, we certainly have a filtration on ℓ-torsion:
Now, as abelian varieties are divisible as groups, the vertical morphisms in the following diagram are all surjective:
As the cokernel of [ℓ] is trivial, the Snake Lemma yields an exact sequence
and the claimed isomorphism holds.
Proposition 2.4. Suppose that the variety J has good reduction away from ℓ. Let 天 天 天 = 天 天 天(k, ℓ). Then the following are equivalent:
Proof. The equivalence between (i) and (ii) follows from the reduction type of J, the results of Serre-Tate [ST68] , and the (group theoretic) fact that the kernel of the natural homomorphism GL(
) is pro-ℓ. For any abelian variety B/k, let ρ B,ℓ denote the mod ℓ Galois representation attached to B. As established in [RT17, Lemma 3.3], the containment k(B[ℓ]) ⊆ 天 天 天 is equivalent to the condition that ρ B,ℓ is upper triangular with powers of χ, the ℓ-cyclotomic character modulo ℓ, appearing on the diagonal (or rather, may be placed in such form by appropriate choice of basis). The isomorphisms established in Proposition 2.3 imply that ρ J,ℓ has the form
Thus, (iii) is equivalent to each ρ As,ℓ being upper triangular with powers of χ on the diagonal. This in turn is equivalent to ρ J,ℓ being upper triangular with powers of χ on the diagonal, which is in turn equivalent to (ii).
In the remainder of this section, we compute the dimension of A s in terms of ℓ and S[<s]. Let Γ s denote the Galois group of Π s after passing to the algebraic closure; that is,
For any 0 ≤ j < n and any ξ ∈ S[j], we let I s (ξ) denote the inertia subgroup of Γ s attached to ξ (viewed as a place ofC 0 ).
Lemma 2.5. For each 0 ≤ j < n and each ξ ∈ S[j],
Proof. The order of I s (ξ) coincides with the ramification index in the subcoveringC s →C 0 . Recall that a model for C s is given by
As ξ ∈ S[j], ord ℓ n ξ = j. Thus, the point ξ is unramified if and only if s ≤ j. Otherwise, the ramification index must be ℓ s−j .
Lemma 2.6. For any 1 ≤ s ≤ n, the dimension of A s is given by
Proof. The covering Π s branches only over S [<s] , and the ramification index is ℓ s−j for all points in the fibers over S[j] when j < s. Moreover, each such fiber contains precisely ℓ j = ℓ s ℓ s−j points. Applying the Riemann-Hurwitz formula gives:
The final result follows directly from the fact that h s = g s − g s−1 .
The subspace W s
In this section, we demonstrate an explicit
for each s, which we later use to more explicitly study the Galois representation ρ As,ℓ .
To begin, we establish a structural property of certain groups of divisors on a curve. Suppose X/k is a smooth projective curve. Recall that a divisor D on X is reduced if D = 0 and D is a finite sum of distinct prime divisors; i.e., D = x 1 + x 2 + · · · + x n for n distinct points x i ∈ X. For such D, we have an equality of subgroups within Div X,
Note that both sides of the above equality represent internal direct sums within Div X.
Lemma 3.1. Let D 1 , . . . , D n be reduced divisors on X which, taken pairwise, have disjoint support. Let W be the subgroup generated by D 1 , . . . D n , and set
The groups Div X/W, Div X/W 0 , and Div 0 X/W 0 are torsion-free.
Proof. We first show (a) implies (b). Assuming (a) holds, Div X/W is isomorphic to a direct summand of the free Z-module Div X, and is therefore torsion-free. The natural map Div 0 X → Div X/W has W 0 as its kernel, and so induces an inclusion Div 0 X/W 0 ֒→ Div X/W. Thus, Div 0 X/W 0 is torsion free. Now, there is a short exact sequence
whose first and third terms are torsion-free (the third being isomorphic to Z). Thus Div X/W 0 is also torsion free. For (a), let Z ⊆ X be the support of D i , and let
by assumption. Now we may express Div X via internal sums as
The hypotheses guarantee that every internal sum in the above is direct, and so W is a direct summand of Div X.
That is, [ξ] s is the support divisor for the fiber of Π s over ξ, but with no weighted coefficients coming from ramification. By definition, this is an effective reduced divisor satisfying
Because Π s is k-rational, for any ξ and any
Lemma 3.2. Let 1 ≤ s ≤ n, and let ξ ∈ P 1 .
Proof. By definition, the degree ℓ covering π s : C s → C s−1 is, possibly after base change to a finite extension k ′ /k, Galois with Galois group Z/ℓZ. Thus, every point of C s (k) is either unramified or totally ramified under π s . The stratification of S introduced in §2 guarantees the following: for any ξ ∈ P 1 , π s is totally ramified over every point in the support of We now fix a point ξ 0 ∈ S[0] (this set is nonempty by Lemma 2.1).
Corollary 3.3. If ξ ∈ P 1 (k) and ξ ∈ S[<s], then
Proof. This follows immediately from Lemma 3.2 (c) and (d).
We define the following subgroups of Div C s :
For any j, s satisfying 0 ≤ j ≤ s ≤ n, j = n, and ξ ∈ S[j], set
s , and so also
But D, D s,ξ are degree 0, and so c = 0. Thus, the given set spans
But each point of C s appears at most once in the left hand expression, and it may only vanish if a ξ = 0 for all ξ. This demonstrates the given set is a basis for V 0 s . The final claim follows from Lemma 3.1. By essentially the same argument we have:
Proof. For (a), we have j < s and so appealing to Lemma 3.2 yields
, Lemma 3.2(c) applies, and
. But any degree 0 divisor on P 1 is principal. Since the pullback of a principal divisor is principal, the result holds. 
s . Thus π * s π s, * coincides with the multiplication-by-ℓ map on W s , and this condition continues to hold after passing from the subgroup W 0 s to J s . In other words, the following diagram is commutative, where the vertical arrows are the natural projections.
πs, * π * Notice that A s [ℓ] carries the structure of a vector space over F ℓ , and it is immediately clear that W s is a subspace.
Proof. Recall that the morphisms Π s are k-rational and that S[<s] is G kstable. The set of divisors {[ξ] s : ξ ∈ S[<s]} is permuted by the action of G k . It follows that the subgroup W s of Div C s is G k -stable. Thus, W 0 s is G k -stable, as it is the intersection of two G k -stable subgroups. Now W s must be G k -stable, as it is the image of a G k -stable set under the G k -equivariant map α s .
Suppose σ ∈ G k fixes S[<s] pointwise. Then for any ξ ∈ S[<s], the divisor [ξ] s is fixed by σ. Thus the generators D s,ξ of W 0 s are also fixed by σ. Now the G k -equivariance of α s demonstrates that W s is fixed pointwise by σ, and so k(W s ) ⊆ k(S[<s]).
The kernel of α s
In this section, we determine the kernel of α s . This will allow us to determine the F ℓ -dimension of W s . It will also be useful in the later sections, when we consider the extension k(S[<s])/k(W s ) more thoroughly. In light of Lemma 3.8, it is natural to ask if this extension is trivial, particularly in the case s = n (i.e., S[<s] = S). The answer is usually yes, but there are some exceptional cases (even beyond some trivial cases where C has genus zero).
For any ξ ∈ S[j], set u ξ := ℓ −j n ξ . By definition of S[j], u ξ is an integer which is prime to ℓ. For any 1 ≤ s ≤ n, we define a divisor on C s , (4.1)
Lemma 4.1. The divisor R s is principal.
Proof. Recall that n ∞ − ξ∈S n ξ = 0, by (1.3). Consequently, for any divisor E:
View f as a morphism P 1 → P 1 and define
Now, taking E = [ξ 0 ] s and "adding 0" via (4.2), we obtain
s Y, where Y ∈ Div 0 P 1 . But every degree 0 divisor on P 1 is principal, and the result follows.
Proposition 4.2. For any 1 ≤ s ≤ n, ker α s = R s + ℓW 0 s . That is, the following sequence is exact: By Lemma 3.6 (a),
Consequently, π * s E ≡ 0 in J s . But π * s : J s−1 → J s is an immersion and so E ≡ 0 in J s−1 . Thus, there exists q ∈k(C s−1 ) such that div C s−1 q = E. There is some γ ∈k × such that h ℓ = γ · π * s q, which demonstrates that
, and the standard facts of Kummer theory (e.g., [Koc97, §4.7, pg. 58]) guarantee the existence of an integer 0 ≤ i ≤ ℓ − 1 and a function r ∈k(C s−1 ) × such that q = y i s−1 · r ℓ . In terms of divisors,
Already in the proof of Lemma 4.1, we see div Cs y s = R s + Π * s div P 1 g 0 for some g 0 ∈k(P 1 ). Thus
for some g ∈k(C s−1 ). On the other hand, Z − iR s ∈ W 0 s , and so there exist integers b ξ such that
with the sum running over ξ ∈ S[<s] − {ξ 0 }. Appealing to Lemma 3.6 however, we have
As π * s is injective on divisors, we see b ξ D s−1,ξ ∈ ℓ Div 0 C s−1 . By Lemma 3.4, ℓ | b ξ for every ξ, and so Z ∈ R s + ℓW 0 s , completing the proof.
We now consider the structure of W s as an F ℓ [G k ]-module more carefully. Let X/k be a curve. For any E ∈ Div X, we write E for the element E ⊗ 1 in Div X ⊗ F ℓ . Notice that Div X ⊗ F ℓ carries the structure of an
The action of G k on M [j] is induced from that on S[j] in the obvious way:
First, suppose that (5.1) holds. By (4.1), R s clearly lies in W 0 s ⊗ F ℓ . Because the polynomial f (x) appearing in the affine model of C is defined over k, the value n ξ is constant as ξ runs over any G k -orbit within the roots of f (x). Moreover, each such orbit is a subset of S[j] for some j, and so the coefficients u ξ are also constant over each orbit. Thus, R s is fixed by the action of G k .
It remains to show (5.1). By the definition of D s,ξ , we have in Div C s :
Recall that n ∞ = ξ∈S n ξ and (because we have arranged ∞ to lie outside the branch locus)
n ξ is divisible by ℓ s and R s has the claimed form.
We apply the functor − ⊗ F ℓ to (4.3) to obtain
(Since W s is killed by ℓ, W s ∼ = W s ⊗ F ℓ .) Moreover, ι ⊗ 1 is injective upon inspection, and so the resulting sequence is exact.
Since {D s,ξ : ξ ∈ S[<s] − {ξ 0 }} gives an F ℓ -basis for W 0 s ⊗ F ℓ , and R s = 0 by Lemma 5.2, we conclude:
In this section, we demonstrate that W s lies in a chain of G k -stable subspaces of A s [ℓ] , and use this to give an explicit description of the mod ℓ Galois representation on A s .
For any 1 ≤ s ≤ n, let ∆ s := Gal k (C s )/k(C 0 ) . This is a cyclic group of order ℓ s ; we let δ s denote a fixed generator for this group. Let us fix ζ s ∈ µ ℓ s , a primitive ℓ s th root of unity. Set
the ℓ s th cyclotomic polynomial. Observe that as rings
Proof. Observe that the subgroup
For any point z ∈ C s , we have the following equality of divisors:
However, π * s : J s−1 → J s is a closed immersion and so the result follows.
Consequently, Φ s (δ s ) acts trivially on A s , and so the action of
is a discrete valuation ring whose maximal ideal m is generated by the element ε := ζ s − 1. In this ring, the principal ideal generated by ℓ is totally ramified:
where ϕ denotes Euler's totient function.
It is well-known that T s is a free Z ℓ [ζ s ]-module of finite rank; we set
, from Lemma 2.6 we conclude
is free of rank m.
We now consider the following chain of ideals in Z ℓ [ζ s ] generated by the powers of ε:
Notice that for any integer 0 ≤ i < ϕ(ℓ s ), we have isomorphisms of F ℓ -modules:
where the second isomorphism is given by 1 
Proof. Statement (a) is immediate. Statement (b) follows from noting the given map is surjective with kernel ε a+1 V . Now (c) follows from (b) when we consider the filtration on V induced by (6.1):
Proof. − 1) . Consequently,
, and so W s = A s [ε] as claimed.
In preparation for the next result, we briefly recall the notion of the Tate twist of a G k -module (see also [Sha86] ). Set µ := µ(k), the group of all roots of unity ofk. Once and for all, choose ζ := {ζ n } ∞ n=1 , a compatible system of elements ζ n ∈ µ, where ζ n is a primitive ℓ n th root of unity and ζ ℓ n+1 = ζ n for all n ≥ 1. The ℓ-adic Tate module T ℓ µ is a free Z ℓ -module of rank one, generated by ζ. In fact, T ℓ µ is a G k -module, via the action of χ :
Viewed as a G k -module, T ℓ µ is often denoted Z ℓ (1), and we let
For any Z ℓ [G k ]-module M , and any n ≥ 0, we define the nth Tate twist of M and (−n)th Tate twist of M , respectively, by
Suppose K is a field equipped with a ring homomorphism Z ℓ → K (e.g.,
we define the nth Tate twist of V by
and we write ρ(n) for the G k -representation attached to the Tate twist V (n). We return to studying the G k -action on the
Notice that V ϕ(ℓ s )−1 = W s and so is G k -stable.
Lemma 6.6. The spaces V i satisfy the following properties.
(
Before proving the lemma, we note the following immediate corollary, stemming from the observation that W s = V ϕ(ℓ s )−1 .
Corollary 6.7. Let ψ s : G k → GL m (F ℓ ) be the Galois representation attached to W s . Then the Galois representation attached to A s [ℓ] has the block upper triangular form
Proof of Lemma 6.6. Part (b) follows easily from Lemma 6.4. Note that for any σ ∈ G k we have
for some polynomial h with coefficients in Z ℓ . Thus, σ(ε) = u · ε for some
Any element of V i has the form ε i P , where P ∈ A s [ℓ]. Accordingly,
To demonstrate part (c), it suffices to show that the following diagram of F ℓ vector spaces is commutative for any σ ∈ G k :
Indeed, suppose ε i P is an element of V i . Then
So V i+1 /V i+2 is isomorphic to the twist (V i /V i+1 )(1), as claimed.
Proof of Theorem B. Suppose C/k is a geometrically irreducible superelliptic curve of degree ℓ n , and suppose J = Jac(C) has good reduction away from ℓ. Let S be the branch locus of the covering C → P 1 , and suppose
. We want to demonstrate ρ J,ℓ is upper triangular with powers of χ on the diagonal (up to conjugacy). Combining Proposition 2.4 and Corollary 6.7, it is enough to show ψ s is of this form for every s. It follows from Lemma 3.8 that k(W s ) ⊆ 天 天 天(k, ℓ). Thus, again appealing to Lemma 3.3 of [RT17] , we see every ψ s has the desired form.
Comparison of k(W s ) and k(S[<s])
In this section, we describe the circumstances under which k(W s ) and k(S[<s]) may coincide. We continue the notations of the previous sections. We have the following chain of
Corresponding to this chain, we have a G k -representation attached to W s ⊗ F ℓ which is block upper triangular, comprised of three blocks on the diagonal. By definition of W 0 s , W 0 s ⊗ F ℓ has codimension 1 inside W s ⊗ F ℓ . Thus, the final block is 1-dimensional; likewise, the first block is 1-dimensional, corresponding to R s . In fact, these one-dimensional blocks are both trivial: R s is fixed by G k , and the G k -action on W s ⊗ F ℓ preserves degree and thus (W s ⊗ F ℓ )/(W 0 s ⊗ F ℓ ) has trivial G k -action. By Lemma 5.3, the intermediate block is in fact given by ψ s .
Lemma 7.1. For any 1 ≤ s ≤ n, we have
Proof. The containments are immediate (for the second, apply Lemma 5.1). Let ψ be the G k -representation attached to W s ⊗ F ℓ . By the preceding discussion, ψ has the form
and ψ s is itself upper triangular by assumption. Thus, the group H s is given by ψ(ker ψ s ), which is unit upper triangular and so must be an ℓ-group.
Proof. Suppose σ ∈ G k fixes k(W s ) and ξ ∈ S[j] with j = 0. Notice that in this case,
Thus, as σ fixes W s pointwise, we have We recall some needed constructions. For any set X, we let △X denote the image of the diagonal inclusion X → X × X. There is a natural action of the symmetric group S 2 on X × X − △X, and we set
If X is a G-set for some group G, then both X × X − △X and ∧ 2 X inherit the structure of a G-set naturally.
Lemma 7.4. Let X and Y be G k -sets. Suppose any of the following conditions hold: (a) there exists an injective
Proof. That condition (a) is sufficient follows from the equivariance of a G k -set map. For condition (b), suppose σ ∈ G k fixes Y pointwise. By the assumed injectivity of Ψ, σ fixes every point of X × X − △X. But the obvious map Aut(X) → Aut(X × X − △X) is injective, and so σ fixes X pointwise also. The same argument applies for condition (c), except that the analogous map Aut(X) → Aut(∧ 2 X) is injective only if #X = 2.
In light of this, we are encouraged to look for injective set maps into W s which respect the action of Galois. Proof. Because the original selection of ξ 0 ∈ S[0] in §3 was arbitrary, we may assume η = ξ 0 . Now the map
Proof. Because all stabilizers are trivial, the orbit of any η ∈ S[0] has size exactly #H s = d s .
Proof of Proposition 7.3. If (a) does not hold, then d s = 1. We first suppose ℓ = 2. Consider the following G k -set map: , then we may assume C s has the form y 2 s = λ(x − ξ 0 ) n 0 (x − ξ 1 ) n 1 , 0 < n i < 2 n , 2 s | (n 0 + n 1 ).
The transitivity of H s on S[0] implies n 0 = n 1 , and so 2 s | 2n 0 . But ξ 0 ∈ S[0] and so s = 1. In this case, (e) holds.
An Application
Recall that a Picard curve is a genus 3 superelliptic curve C/k and so, possibly after base change, provides a cyclic cover of P 1 of degree 3. In [MR16] , Malmskog and the first author determined the full set of Picard curves defined over Q which have good reduction away from 3. Up to Qisomorphism, there are 45 such curves. For a subset of 9 of these curves, the authors demonstrated that Q(Jac(C)[3 ∞ ]) ⊆ 天 天 天(Q, 3) by noting an explicit model for the curve and using the criterion of Anderson and Ihara. However, with Theorem B, we may now extend the result to all such curves. Proof. By the results of [MR16] , every such curve has a branch set S satisfying Q(S) ⊆ 天 天 天(Q, 3). Thus, Theorem B applies.
